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A simple mathematical model is constructed to describe the regime of flow, extending
over a wide range of values of Taylor number, in which turbulent Taylor—-Couette
flow in the annular region between two coaxial circular cylinders is characterized by
the coexistence of steady coherent motion on two widely separated scales. These scales
of motion, corresponding to the gap width of the annular region and to a boundary-
layer thickness, are each identified as the consequence of a centrifugal instability, and
are described as Taylor vortices and Gortler vortices respectively.

The assumption that both scales of motion are near marginal stability gives a
closure to a pair of coupled eigenvalue problems, and the results of a linear analysis
are shown to be in good agreement with many features of experimental observations.

1. Introduction

An earlier paper (Barcilon ef al. 1979, subsequently referred to as BBLM) has
reported observations, at very high values of the non-dimensional parameter that
characterizes these flows, of an organized small-scale structure near the cylindrical
walls in Taylor—Couette experiments. These experiments examined the behaviour of
a fluid contained between two coaxial circular cylinders when the inner cylinder
rotates at an angular speed €2, while the outer one remains fixed. One of the important
non-dimensional parameters in this problem is defined for a narrow-gap experiment

as T=R QL3 (1.1)

and is called the (laminar) Taylor number in recognition of the important theoretical
and experimental original contributions made by Taylor (1923) to this problem. In
the above defining equation, R, is the inner radius, L is the gap width and v is the
(laminar) coefficient of kinematic viscosity. The sequence of flow behaviour observed
as 7T is increased is discussed in some detail in BBLM, but it suffices to recall here
that the transition from a state of no meridional motion to a state in which laminar
toroidal vortices, called Taylor vortices, are first observed occurs when

T=T,

where 7, depends on the gap width and 7}, & 1700 in the narrow-gap limit. Over a
wide range of values of 7 such that 7T, < T <4007, a variety of wave-like
perturbations disturbs the Taylor vortices, and much of the recent work on this
parameter range has been well reviewed by DiPrima & Swinney (1981). However,
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Ficuzrk 1. Ratio of scale of Gortler vortices to radius of curvature of wall for various gap widths.
The scale is seen to depend only on £, and not on the Taylor number, which varies by two orders
of magnitude at a given £, between the cases of narrowest and widest gap. Experiments performed
by D. J. Quigley; theoretical prediction of this paper indicated by the solid line.

for T/T, » 400, one observes steady turbulent structures which have many of the
features of the laminar Taylor vortices. These structures, recognized in the flow-
visualization photographs of BBLM by the axially periodic dark bands indicating
radial inflow and outflow boundaries, are not wavy and exhibit a remarkable
steadiness as T'/7, is increased over two or more orders of magnitude. A striking
feature, not observed with the laminar Taylor vortices, is the presence, on the outer
wall, of a fine pattern of streaks which tilt alternately at small angles +6 in
neighbouring cells. This organized pattern was described by BBLM as ‘herringbone’
because of its appearance, and they conjectured that these streaks were the inflow
and outflow of Gortler vortices (Gortler 1940) existing in the wall-boundary-layer
region of the much larger Taylor circulation cells, and oriented along the helical
streamlines of these cells, the pitch angle of which is measured by 6. The scale of the
Taylor cells is commensurate with the gap width L between the rotating inner
cylinder of radius R, and the outer stationary concentric cylinder of radius R,.

Comparison of an elementary theory with experiments was made in BBLM, and
subsequent experiments by Mobbs, using several different gap widths, have given
similarly good agreement, supporting the original interpretation of the physical
mechanism responsible for the small-scale streaks. We display this wider range of
results in figure 1. Recent spectral results obtained by Mobbs are exemplified in figure
2; the marked dominance and containment near the wall of structures on the
Gortler-vortex scale is very apparent.

The Gortler instability is of course a centrifugal instability, potentially occurring
on a curved flow in which the circulation or local angular momentum decreases
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Fiaure 2. Frequency spectra obtained (a) at midgap and (b) 2 mm from the outer stationary
cylinder at T/T, ~ 20000, L/R, ~ 0.1. The very dominant frequency apparent in case (b) is
presumed to correspond to the Gortler vortex streaks visible at this value of 7.

outwards along the radius of curvature. The unstable modes or Gortler vortices
described in the classical linear theory are tied to a rigid concave wall, the no-slip
condition at which enforces such an outward decrease in circulation, and these
vortices decay exponentially away from the wall. Thus no direct dependence on the
gap width is expected in the occurrence and behaviour of Gértler vortices provided
that the e-folding distance over which they decay is small compared with the gap
width, and the observations at widely differing gap widths support this expectation;
the existence and scale of the Gortler vortices depend only on the boundary
curvature, together with the angular velocity 2, of the inner cylinder, since at high
values of the Taylor number, the mean azimuthal velocity is near to 32, R, in a wide
interior region away from the walls (see figure 3).

In experiments by Mobbs using low densities of aluminium particles for flow
visualization, similar vortices are also seen on the inner convex wall, tilted in the sense
opposite to that on the outer wall. The physical mechanism here is of course the same,
since there is again a decrease in circulation, cutwards along the radius of curvature,
from the rotating inner cylinder to the interior region in which the mean azimuthal
velocity is near to 2, B,.
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Ficure 3. Variation of circulation (7, in our notation) with radius, schematically represented but
based on observations of Taylor (1935), shown by solid circles, and many others.

In this paper we develop a consistent mathematical formulation, exploiting the
wide separation of scales of the Taylor and Gortler modes, and isolate a pair of coupled
eigenvalue problems for the existence of the two modes, together with equations
satisfied by a mean (i.e. axially uniform) component of the flow field. For the flow
far from the boundaries, i.e. in the ‘Taylor’ problem, we use a macroscopically
averaged form of the Navier—Stokes equations, in which the averaging of the fine
turbulent structure is parametrized by an eddy viscosity. Near the boundaries, by
assuming a laminar steady state and linearizing about a mean swirl, we obtain
equations similar to Gortler’s original eigenvalue problem. The two stability problems
are coupled through matched asymptotic expansions; the crucial assumption of
marginal stability for both modes is required to ‘close’ the problem in the sense of
providing a relationship between Reynolds stresses and mean profiles; it also enables
us to use linear theory to make predictions of cell size, mean velocity profile, and
torque transport. The good agreement with experimental results provides a posteriory
justification of this assumption.

Perhaps the only striking observational feature upon which linear theory is unable
to throw any light is the orientation of the herringbone pattern. However, the Gortler
vortices are expected to lie along the total streamlines of the larger-scale Taylor-type
structures, and the change of orientation with changing Taylor number is in good
agreement with observed values of the amplitude of motion in the Taylor cells at high
values of 7. The decrease in the Taylor-cell amplitude with increasing Taylor
numbers, as is shown in figure 4, suggests small tilts of the herringbone patterns away
from a plane perpendicular to the rotation axis.

We expect that a prediction of the amplitude of Taylor cells, and hence of the
orientation of the Gortler vortices, will require the development of weakly nonlinear
theory pivoted about the results of this paper. Such a theory will, of course, be
expected also to alter, to a small extent, the predicted values of our observations,
but not to vitiate the excellent results of this linear theory. Our approach bears some
resemblance to that adopted by Howard (1963) for the closely related problem of
Rayleigh—Bénard convection at high values of the Rayleigh number, later developed
by many workers into more formal upper-bound and optimum theories of turbulence
and admirably surveyed by Busse (1978, 1981). The Taylor—Couette problem differs
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F1GURE 4. Amplitude of circulatory motion in Taylor vortices (after Bouabdallah & Cognet 1980).
The amplitude is deduced from measurements of velocity gradients at the outer wall at different
points of the Taylor cell.

from that of convectionin a horizontal layer, or of turbulent channel flow, in its strong
rotational symmetry constraint, forcing a definite orientation on both the Taylor-
and Gortler-scale structures.

The mathematical formulation of the problem is given in §§2-5, and the solution
to the linear problem is obtained in §6. In §7 we discuss the results in the context
of observations made by a number of experimentalists.

2. Formulation of the problem

We wish to describe the dynamics of Taylor—Couette flow in long coaxial cylinders
when the laminar Taylor number is 103 to 10° times the critical value for the onset
of laminar Taylor vortices. At these high values of 7', experiments do not suggest
extreme sensitivity to end conditions, as is characteristic of laminar flows, and which
creates great difficulties in predicting the precise axial wavenumber in purely laminar
flow; instead we believe that there is no loss of reality in assuming infinite cylinders
in the mathematical model.

It is appropriate to use cylindrical polar coordinates in which r is measured radially,
¢ azimuthally and z along the axis of the cylinder, so that the velocity field V has
components (u,v,w) in these coordinate directions. Observations indicate that the
flows are steady, i.e. the shape of the observed pattern does not appear to change
appreciably with time; thus we shall assume that, in some averaged sense, we can
let 9/0t = 0.

We partition the total velocity field into mean and fluctuation fields, i.e. we write

V="Vr+Vi2),
p=p(r)+p'(r,6,2),

where we define the ( )-average as

21 l
V(r) = lim -1—'[ d¢j Vir,¢,§) dz, (2.2)
0

(2.1)
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and we have taken V= 0. We assume that V is entirely in the azimuthal (¢)-
direction.
The equations for the mean and fluctuation fields are

Vx(Vx N+ TV x (VX V-1V (?)—1v(P?) = —:-)Vp+vv x(VxP), (2.3)

Px(VxV)+V x(Ux V)=V (P V)= —:-)Vp’+vv x (Vx V7). (2.4)

It is useful to consider the azimuthal component of (2.3), which may be written
in divergence form as

d 0 o (v
— () =v—| 13—~
at(’ wv) Var< or <r>>’ (2:5)
which integrates to
— 07
27 3 b
2rpriu'y’ = 2rpr —ar<r>—-'r, (2.6)

where 7 is the applied torque per unit length at r = R,.

Since the flow is steady, the torque transport across all cylindrical surfaces must
be the same and equal to 7; since #' =0 at r = R, R,, from (2.6) we see that the
existence of a non-vanishing Reynolds-stress contribution 2mpruv” to this torque
transport at radial station 7 implies a steepening of the profile of #/7 near the bounding
cylinders. Indeed, the observed torque measurements, of the order of 100 times the
laminar value {Quigley 1981 ; Smith & Townsend 1982), imply the existence of sharp
boundary layers at r = R, R,, in the mean azimuthal velocity field .

It will be convenient to introduce a stretched coordinate near the walls to describe
the flow in these layers; we introduce a notation, to be defined more precisely later,
of § for a boundary-layer thickness, and ¥~ for the mean-velocity field in the boundary
layer.

Further progress is dependent on our ability to establish a second relationship
between the Reynolds stresses and the mean velocity field, and the main concern of
this paper is the proposal and test against experimental evidence of such a
relationship, which is in effect a closure of the turbulent-flow problem (see e.g.
Townsend 1976, p. 124).

We are guided by the approach and results of Malkus (1979); briefly, we expect
the flow to be susceptible to two instability mechanisms, a shear instability, which
relies on the presence of inflectional points in the velocity profile, and a centrifugal
instability, which can arise when the radial gradient of circulation is negative. The
local, instantaneous velocity profiles will contain inflectional points which will be the
seat of shear-flow-type instabilities, albeit modified by rotational effects. However,
in the spirit of Malkus (1979), we conjecture that there is a range of 7' within which
these local shear instabilities conspire to produce & mean-velocity profile having no
inflection points, and therefore immune from shear instability, but nevertheless
exhibiting a circulation gradient which can be susceptible to centrifugal instabilities.
Observations of the mean flows at very high Taylor number (see figure 3) support
these ideas, and the results of Smith & Townsend (1982) suggest that this conjecture
holds for 4007, < T' < 3 x 10°7,,, but fails for greater values of 7.

The actual form derived by Malkus for cylindrical Couette flow is

7 tan(% (r~§(R1+R2))>. 2.7)
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Ficure 5. Schematicrepresentation of the model examined in this paper. The sketched Gortler-vortex
cell is the projection of the toroidal Gértler vortex onto the vertical plane. The vortex aligns its
axis along the total helical streamline found on the outside of the larger toroidal vortex of the Taylor
type. The intersection of the toroidal Gortler vortex near the x = 1.0 wall has not been shown.

This expression fails to satisfy the boundary conditions at » = R,, R,, and there is
of necessity a (laminar) boundary layer at each wall. Our hypothesis is that a mean
profile of this general form can support centrifugal instabilities on two separate scales
L and § associated with the interior region and with the boundary layer, respectively.
The consequence of these instabilities is the existence in the interior region of a
coherent, yet turbulent, cellular motion of the Taylor-vortex type, and in the
boundary layers of a coherent laminar structure of the Gértler-vortex type. We effect
the closure of the problem by requiring that each of these is a finite- (but small-)
amplitude disturbance mode occurring in conjunction with a mean profile which is
very nearly neutrally stable to such a mode.

This assumption enables us to proceed with an essentially linear analysis, though
the model we adopt employs two parameters: &, the boundary-layer thickness
introduced earlier, and I', to be defined in (3.19), which is a measure of the mean
circulation gradient in the interior region. These parameters are nonlinearly related
through the requirement of marginal stability on the two scales. The form assumed
for the mean flow is demonstrated schematically in figure 5.

3. The interior region

In developing the analysis, we first consider the interior motion, and partition the
field V7, defined in (2.1), into a part independent of ¢, together with a part dependent
on r, z and ¢, writing

V' = #(r,2)+ vp(r, @, 2). }
(3.1)

p = P(r,2)+pp(r. @, 2).

Thus #(r, z) represents the field of the Taylor-vortex modes while v7(r, z) is the truly
random fluctuation remaining after we subtract out # and # from the total velocity
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field. Observational evidence suggests that the lengthscale associated with vy is much
smaller than that of the Taylor vortices, and hence we can write down governing
equations, obtained from (2.4) by using (3.1) and averaging over 0 < ¢ < 21 and over
a distance ! in 2, larger than the vy scale but smaller than the #-scale. We use the
notation

1 21 z+1
{f(r,2)) = —J. d¢J~ flr,¢,z)dz (3.2)
2nl ), z
for this average. We non-dimensionalize the equations by writing
_r—R, <_r__ >
r=—7—=a 7| 1), (3.3)

by scaling all velocities by the inner wall velocity €2, R, and by scaling the pressure
by p£2¢R%. Since the analysis that will follow is linear, it is unimportant that the
perturbation velocities are not of order unity on this scale. We also make the small-gap
approximation, i.e. we assume

e L
1

Letting the non-dimensionalized quantities be represented by the same symbols as
the dimensional quantities used until now, we write the non-dimensionalized
equations as

%(a2)+%(aw)—2a Vi = —2—€+E’V2ﬁ—<%u&?>-—<%uf£w&‘>, (3.5)
a%(‘ﬁ) %(wﬁ)+a‘;—f= EV2(I7_+5)—<:()%u’T vfr>—<%v.'r wT> , (3.6)
%(~w)+§—z(w2)=—%§+E’V2w—<%u&‘w&‘>—<§;w&?>, (3.7)
%m%w =0, (3.8)

h
e V2z-a—a:—2+§;, Ezﬁ, (3.9)

and where, in the spirit of the Boussinesq approximation, we have let a—0 but
retained aV in (3.5), at the same time neglecting a V compared with V, in (3.6). We
canregard (3.5)—(3.8) asthe equations to be satisfied by aneutrally stable axisymmetric
perturbation, described by # and P, to the mean-flow field V(r), in the presence of
small-scale fluctuations vy. In order to proceed, we need to make some assumption
about the Reynolds stresses {uyvr) ete. appearing in these equations. It should be
recognized that they are related to those described earlier in terms of u’v” by the
equation WY = @+ ugvy = @+ (up v, (3.10)
since we assume a large-scale uniformity of u’v’. We exploit the separation of scales
of the ¥ and vy, fields to represent the momentum flux accomplished by the Reynolds
stresses of the turbulent field (") by an eddy viscosity K coupled to the gradients of
the mean flow, i.e. we assume that
) Tor
<a_quvT> =av-(uT17T)=—K6;:—2, (311)
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where K is to be determined by the closure condition of marginal stability ; it depends
on the #-field, but we shall regard it as taking some suitable averaged value,
recognizing that this is undoubtedly an idealization.

We can now introduce a stream function ¥ such that

u=-—i, w=y,. (3.12)

Experiments (e.g. Bouabdallah & Cognet 1980; Smith & Townsend 1982) provide
direct evidence that, at large 7', the magnitude of meridional motion is a rapidly
decreasing function of the magnitude of azimuthal motion, and we shall argue that
small angles of the herringbone streaks provide indirect evidence of the small
amplitude of the meridional motion. Thus we write

V=), +etp,+...,
v=Vy+eb, +eXi,+7,)+...,

(3.13)

where ¢ is a small parameter proportional in some sense to the tilt angle ¢, which
we have related to a measure of the Taylor vortex amplitude. Substituting (3.13) in
(3.5)—(3.8) and eliminating the pressure to form a vorticity equation, we obtain, after
linearizing with respect to the suffix-1 quantities, the following leading-order problem

in€: - "
207, ,, = By V4, (3.14)

. dV .
. S = B, (3.15)
where E, = K/Q,LR,. (3.16)

The parameter £y may be thought of as an eddy Ekman number which is related
to an eddy Taylor number through

Ty = R, 22 L3/ K>, (3.17)
In deriving (3.14) and (3.15), we have assumed £ <€ £, and
V2¥, = 0, (3.18)
consistent with our representation of the basic state in the interior region by
V(@) = }—I'(z—1}), (3.19)

where I' is as-yet unknown.
In anticipation of the smallness of I, the result of substituting (3.19) into (3.14)

and (3.15) is ab,, = By VA, (3.20)
I, = E, V2, (3.21)
which give, upon eliminating &,
~ a ~
vs¢1_<_E__I;> Ve = 0. (3.22)
k

The quantity al'/ E%, which will appear later as an eigenvalue of the boundary-value
problem, may be written in terms of the laminar Taylor number 7" as

al’ v\2

We have considered in the Appendix the effect of retaining the O(I) terms in (3.14)
and (3.15); their neglect appears to be well justified.
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4. The boundary-layer region

The boundary layer found on the = 0 wall has a basic velocity field, denoted by
¥ (x, z), which at the ‘edge’ of that layer must match the sum of the interior ¥, and
#,, ¥, fields. Note that the z-component of #” alternates in sign between adjoining
Taylor vortices in the interior flow. Superposed on the basic field we assume the
existence of a perturbation field #, constituting the Goértler vortices, which, we
conjecture, arise as an instability of the basic field.

It is-advantageous to discuss the dynamiecs of the boundary layer in terms of an
intrinsic coordinate system in which the z- and ¢-coordinate directions are replaced
by coordinate directions 7 along the total streamline direction of ¥°, and ¢ normal
to that direction. This system is tilted at an angle 6 to the (¢, z)-system, and we assume

that .
7150, 2)

6~ tanf ~ ,
V4(0)

(4.1)
consistent with the matching condition at the edge of the boundary layer.

If weintroduce stretched intrinsic coordinates, based on a boundary-layer thickness
8, so that

Z=ux/8, (4.2)
this matching condition is
¥ (00,2) = (V3(0) +5,(0,2)+ ..., ¥, (0,2) +...). (4.3)
The other new coordinates are
7= %cosﬁ+%sin0,
4.4)

¢= —%sin0+§cosﬁ,

and the components of the perturbation velocity field # are related to ¥V’ of (3.1) by
g,

—u’,

E

i
? = v’ cosf+w’ sinb, (4.5)

W=-—vsinf+w cosd.

Following, for example, Hammerlin (1956), we may write the linearized equations
for the stability of longitudinal Gortler vortices in the form

0r 02 oY
(o Tyems
0t? £
22 of2 0F (4.6)
o2 0%y, 0%
<@+a—§)u = —2G(3)Va_§’
where ¥ is the magnitude of ¥~ and G, is a Gortler number defined by
3 2 P2 52452
a E&a_QlRlL(S Lé @)

T KR~ v RR
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and based on the non-dimensional radius of curvature R(= 1+ 0(6?)) of the streamline
of the total velocity ¥”. As boundary conditions we require that

AN L
(u,v, 55) =0 at £=0,00. (4.8)

The above eigenvalue problem was first considered by Goértler (1940), then by
Meksyn (1950), and in greater detail by Hammerlin (1956), who calculated the
marginal curve for six velocity profiles, and found that his results were insensitive
to details of the basic state profile. The profile

{oz (OSisl),}
¥ = (4.9)
1 (£>1)

was one of the six considered by Hammerlin as well as Meksyn. The Gortler number
was defined in these problems in terms of a momentum thickness 4,, where

(e o]
8, = aj Y (1—v)d%,
0

which gives 8, = §4 for the profile (4.9). Hammerlin’s calculations showed that:
(i) the minimum critical Gortler number was fairly insensitive to the exact shape

of the profile and that
Gisye = 0.09, (4.10)

or
Gipye = (0.09) 6° ~ 19,

where we have denoted by a suffix ¢ the minimum critical value;

(ii) the minimum critical Gortler number occurred for wavelengths large compared
with 4,: the critical wavelength Ay for 6/R ~ 107* was shown by Hammerlin to be
near 40mnd,;

(iii) the velocity profiles, when plotted against the coordinate #, normal to the
boundary, were close to their maximum value when & = 1, i.e. when the basic-state
velocity ¥~ had reached its freestream value.

There is some disagreement in the literature over the appropriate value for G 4,
and in making comparison with experiments we have used the value G, . = 0.36,
with a concomitant change in the value of Ay to about 15md,, which appears to
represent the consensus of opinion (Meksyn 1961 ; Smith 1955; Bippes 1972; Floryan
& Saric 1982). Very recent work by Hall (1982, 1983) has stressed the deficiencies
of many of these theories and has pointed to the importance, in the classical
growing-boundary-layer problem, of the non-parallel nature of the flows and the
dependence on distance from the leading edge. Substantial changes in G, were noted
by Hall, and we are conscious of the uncertainty surrounding the precise values to
be used in this somewhat different problem, of which a detailed study seems
worthwhile. However, the dependence of the experimentally measurable quantities
on G, is weak, at worst on the } power.

5. Boundary and matching conditions

We have already required that the Gortler solution satisfies the no-slip condition
at the rigid boundary found at £ = 0. Also the small-scale fluctuating motions due
to the Gértler vortices vanish as £—c0. We must now provide a set of matching
conditions between the laminar Gortler region and the turbulent Taylor-vortex
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region. Because of the insensitivity of the dynamics in the Gortler layer to the exact
choice of a basic-state velocity profile in that region, we choose the simplest velocity
profile and require that

Vz{s;_(r—meﬂ ©O<é<1),) 6.1)
7.(0)secOd (2> 1), |
where, from (3.19),

Vo) =31+ —Tx, x=04. (5.2)

Matching at £ = 1 gives, on requirement of
(a) continuity of velocity parallel to the interface

¥ (1,2)cosf = V,(0)+5,(0, 2), "_

. (5.3)
¥(1,2)sin0 = ,,0,2);
(b) continuity of tangential stress
Eov dv, o5,
cosﬁ((S % —<m)>) M EK<E—+ ax)
Edv o, 64
— B = 1 1
s1n0<3 % <uv)> - EK(a 4 622> ,
(c) continuity of mass flux 3
12(1: g; Z) = wlz(o’ Z), . (55)
and we can now use the more specific definition
=p[ s, .6
where [ is the Gortler-vortex scale.
To leading order we get
Eev dv,
E(aoe)iﬂ_E“(E)x:o (6:7)
o a7,
—mlen = Ee(g2)| 58)
E oy L
05<ai>£=l—EK ) (5.9)
¥1(0,2) = 0. (5.10)

Finally taking an ( )-average of (5.2) and subtracting that result from (5.2) gives
9,(0,2) = 0. (5.11)

6. Leading-order solution

In the interest of clarity let us summarize the statement of the problem. The
Taylor-vortex problem is governed by (3.22), (3.12), (3.20), (5.11), (5.10) and (5.9),
which may be written as

~ al ~
szl_'ETg—{ z/flzz =0, (61)
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where o P . >
U=V B =V, (6.2)

. Epo, s
Uiz = 7KV4¢1, (6.3)

subject to the boundary conditions

#(0,2) = ¥,(1,2) = 0,

ie. o
M
ey 64
V10,2 = §(1,2) = 0, (6.5)
. Ir—-i >
Vreal0.9) = Ty 35 Vae0.2): (6.6)

In deriving (6.6) from (5.9), we have used (4.2) and (5.1). A similar condition to (6.6)
holds at = 1.

The basic state consists of
VYV =1+ —1)&;, (0<%, <),
V,=i1+DN—-Trx O0<z<1), (6.7)
Sdg <

V=il-1)2g (-1 0),

a

ig
where #; and £y are the stretched variables on the left and right boundaries.
Continuity of stress in the basic state requires that, from (5.7),

1v

Yia_n=r )

s-D="T. (6.8)

together with a similar condition near the = 1 boundary. In these equations we do
not know &, I', K and therefore £ .
Using (6.8) in (6.6) we find that the latter simplifies to

~ or .
;ﬁlu(O, Z) +m¢'lx(0, Z) =0. (69)
Observational evidence seems to point to the smallness of I'; thus, if we drop the term
O(I), (6.9) approximates to
V124(0,2) = 0. (6.10)

Equations (6.10), (6.4), (6.5) and (6.1) constitute the classical free-free Rayleigh—
Bénard convection problem (Chandrasekhar 1961). We can at once write that the
minimum critical value of the parameter entering (3.22) is

2 2 2
%(%) r,=Tr, (%—) = 2, (6.11)
cC

where the subscript ¢ denotes a quantity at its critical value. The critical non-
dimensional wavenumber associated with that problem is

7/"—2 ~ 2.22. (6.12)
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The problem described by (4.6), (4.7) and (4.8) is exactly the problem considered by
Gértler and others, except that the mainstream flow has a magnitude 32, B, (1—1)
instead of unity; the appropriate Gértler number for this problem is then

G(1—T)2,R,L8)* Ls

G = 2 R R
If we take the maximum critical value of G, . ~ 76 we get
o%a 76
— = Gse ® 755, 6.13
Jor (9)e 1-n)y3 ( )

where we have assumed that B, the normalized radius of curvature, is unity, and have
taken the larger value of G5, . mentioned in §4.

If we demand that each flow structure is close to marginal stability, we obtain from
(6.13) the critical thickness

L.e. 8, = GA T4, (6.14)
while from (6.4) we obtain a relationship between I" and Eg. From (5.7)

K ‘1-r

c

(1) —os, T _nosr, (6.15)
cC

Using the above expression in (6.11) we obtain

27mANs
FC ~ (I—G—ész) T 8, (616)

C
and using (6.16) in (6.15) we get

aghnd
(‘IVZ) z2(27f6G%°) T4, (6.17)
c

Another quantity that can be measured is the torque; in dimensional form the
torque ¥, per unit length of the cylinder

@ =Tt.QlR‘;,u1——F
* L 6c ’
ie. nQ, Ry
—1
Yy = #Gcaﬂ(l——l’). (6.18)

Equations (6.11), (6.14), (6.18), (6.17) and (6.18) constitute the main results of this
investigation. All these quantities, with the exception of (v/K),, are measurable,
implicitly or explicitly, and in §7 we comment on the relationships of predicted to
observed values.

7. Discussion and conclusions

In constructing this model we have assumed

(i) inhomogeneous turbulent shear flow with boundary layers at the cylindrical
walls (based on all experimental evidence);

(i) that inflexional instabilities create a mean profile which is itself immune from
further inflectional instability ;
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Froure 6. Scale of Taylor cells relative to gap width observed in experiments with varying gap
widths. Experiments performed by D. J. Quigley; results of Koschmieder (1979) alsc indicated;
theoretical prediction indicated by middle dashed line. Experimental results of Koschmieder (1979)

indicated by upper dashed line (steady increase in £2 experiments) and lower dashed line (sudden-start
experiments).

(iii) that the resulting profile might nevertheless be susceptible to centrifugal
instability;

(iv) that this profile might be modelled by straight-line segments in the (turbulent)
interior and in the (laminar) boundary layers;

(v) that each of these segments is marginally stable to centrifugal instabilities,
represented respectively by modes of Taylor-vortex and Gortler-vortex type;

(vi) that the transport of torque across the channel may be modelled by an
appropriate viscosity coupled to the mean flow and that in the interior the mean flow
is coupled to an eddy viscosity parametrizing the Reynolds stresses of the fluctuating
fields.

It seems to us that assumption (i) is amply justified without further comment, that
(iv) and (vi) are in the nature of approximations to the true situation, but are not
crucial to the qualitative merit of the model, but that (ii), (iii) and (v) are hypotheses
of major importance, which enable us to close the problem mathematically, and which
are to be tested by comparison of predictions with observations. A number of features
predicted in §6 may be so compared; it is convenient to review them systematically.

7.1. Scale of Taylor cells

We noted in §4 that the boundary-value problem for the Taylor cells is identical (in
this limit of small gap-width/radius ratio) to the problem of Rayleigh-Bénard
convection in a horizontal layer bounded by stress-free horizontal surfaces — the
so-called free—free problem. The horizontal wavelength of the convection rolls
predicted by linear theory in that well-known problem is /2 times the layer
thickness. Observations by Koschmieder (1979) and other workers including Mobbs
provide supportive experimental evidence for this scale. In figure 6 we have
assembled relevant observations from a number of workers; the comparison with the
predicted value is seen to be good.
15 FLM 143
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FicUuRrE 7. Non-dimensional torque transport measured in experiments performed by D. J. Quigley

in long annulus with L/R, ~ 0.1. Theoretical predictions (based on (6.18) and (6.13)) indicated by
solid line representing the expression

1/BRNS (L
g T2 l l) G_ (—>’
2( i) e\ R,
Batchelor’s (1960) prediction has the form
Q2 RN LN
G =4 1°Y -
( ve ) (R1> ’

where A4 is an unknown constant, certainly less than 0.5 and possibly 0(107'). For comparison
we indicate by a dashed line this expression for the (arbitrary) value 4 = 0.2.

7.2. Torque transport
Expression (6.18) for the torque, viz

g, ~ 0B p (7.1)
L
is seen to vary as Qf with increasing Q,.

It is interesting that the model for high-Taylor-number flow proposed by Batchelor
(1960), based on the conjecture that a laminar boundary-layer flow in the meridional
velocity component surrounding the Taylor cell is present, predicts a variation as Qi
for large 2,. It appears that the model proposed here permits a larger torque
transport. Comparison with torque measurements (Brindley, Mobbs & Quigley 1981)
is good for large €2, (figure 7). This accuracy of the linear theory is compatible with
the observations of Bouabdallah & Cognet (1980) showing a decreasing Taylor-cell
amplitude for increasing Q, (figure 4).
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7.3. Internal circulation gradient

No systematic series of experiments has provided values of I' to compare with the
value of I' predicted in (6.16), which implies that I" ~ 2:%. However, all experimental
results (e.g. Smith & Townsend 1982; Taylor 1935) support the qualitative form of
the mean gradient we have assumed. In the above theory we have of course, assumed
the torque transport across the interior to be accomplished solely by the mean flow;
the amplitude of the Taylor vortex has effectively been taken to be zero. A more
realistic model should take account of the torque transport accomplished by
Reynolds stresses associated with a finite-amplitude Taylor cell, with a consequent
reduction in the value of I', and of the effects of finite gap width. It is however
worthwhile to examine a posteriori the consequences of taking into account the finite
value of I predicted ; this we do in the Appendix.

7.4. Scale of Gortler vortices
We have already commented in BBLM and in §1 on the excellent agreement between
prediction and experiment (figure 1). It is particularly noteworthy that the predicted
non-dimensional scale A 6nL 02 R\

Ag OO0, i (a1t °

R~R, ocG‘c< " ) (7.2)

is independent of gap width. The observational results illustrated, based on four
widely differing gap widths, collapse very closely on to the predicted curve (figure
1), showing convincingly that the observed phenomenon is independent of gap width,
and depends only on ‘mainstream velocity’ 32, R, and curvature R,. The values of
Taylor number for the cases illustrated vary by a factor of nearly 200 for the same
value of £,.

7.5. Orientation of Gértler vortices

We cannot expect our linear theory to give any information on this, as the orientation
depends on the amplitude of the Taylor-cell motion. However, we can compare (figure
8) observations of the orientation for varying £2, with observations of Taylor-cell
amplitude at large Taylor number (Boubdallah & Cognet 1980). There is clearly no
evidence here to invalidate the assumption that the streak orientation measures the
direction of the total velocity in the Taylor-cell motion.

As the orientation varies, the radius of curvature R also varies, in which case, using
the definition of G, in (4.10), it is clear that 8 ~ Q% RS, This is of course maximized
by minimizing B, which means reducing 8, the result of which is that the length of
the individual Gortler vortices is increased. Now, a well-known consequence of the
presence of longitudinal vortex structures in turbulent spots arising in wall boundary
layers is the evolution of longitudinal flow profiles having points of inflection (e.g.
Blackwelder & Eckelmann 1979). These profiles arise as a consequence of the
sweeping of low-velocity fluid away from the wall by a pair of adjacent counter-rotating
vortices. We might then conjecture that, at still higher Taylor numbers, the
lengthening of the Gortler vortices could lead locally to an inflectional instability
mechanism of this kind, which would disrupt the organized, coupled structures
described here, and result in a flow more nearly like a turbulent channel flow in its
character. Experiments at higher values of T' (Smith & Townsend 1982), carried out
since a first version of this paper was written, appear to bear out this conjecture.

Before concluding, a comment on the stability of our first-order model might be
useful. Thus, although we have assumed that the mean profile remains near that

15-2
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FicURE 8. Variation with 7 of orientation of Gortler vortices. Solid line indicates orientation of
total velocity vector near outer cylinder as deduced from Taylor-vortex-amplitude observations of
Bouabdallah & Cognet (1980) and reproduced in figure 4.

required for marginal stability of both Taylor vortices and Gortler vortices, we can
consider, in a qualitative way, how the (small) transports of torque achieved by these
vortices can act to ‘tune’ this profile. Suppose, as a consequence of a slightly excessive
value of I', the amplitude of a Taylor vortex increases from its equilibrium value; this
will increase 8 and increase the radius of curvature of the total streamlines near the
wall. In the absence of other changes, the Gortler number will be decreased and the
amplitude of the Gortler vortices will decrease in intensity, leading to an imbalance in
the torque transport by these vortices. This must be compensated by a small change
in the mean profiles in which, since the mean interior profile must transport less
torque, the value of I" will decrease. This negative-feedback effect, albeit only part of
the complex total physics of the problem, presumably aids the persistence of the
stable pattern observed.

Finally, then, it appears that most of the readily observable features of the flow
at high Taylor number are reproduced by the model we have proposed. The
coexistence of steady flow features on widely differing scales, but exhibiting a strong
mutual interdependence is perhaps the most interesting feature of the flow we have
described. Such a coexistence is known to exist in many turbulent flows (see e.g.
Lumley 1981), though not in as steady and readily reproducible a form as here. It
is a question of some importance to discover the extent to which this interdependence
relies on the strong constraint imposed by rotational symmetry. There appears to
be a distinct possibility that this constraint permits the existence in a steady state
of coupling mechanisms between boundary layer and ‘mainstream’ which in other
flows, e.g. turbulent channel flows (Beljaars, Prasad & De Vries 1981), occur in
unsteady bursts with only a statistical steadiness. If this is so, the Taylor—Couette
experiment may prove a valuable test bed for the development of deeper understanding
of boundary-layer-mainstream interactions in other turbulent flows.

Our thanks are due to Frank Mobbs for many invaluable discussions and for making
his results available to us. We are grateful also to David Quigley for obtaining the
experimental results on the scale and orientation of Gortler vortices, and on torque
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transports quoted in the text, to Martin Lessen for earlier stimulating discussions on
this problem, and finally to the referees for several useful comments and suggestions.
This joint research continues a collaboration which started when one of us (AB) was
liaison scientist with ONR, London. ONR partial support (N000-14-78-C-0106) is
gratefully acknowledged. This paper is Contribution 182 of the Geophysical Fluid
Dynamics Institute, Florida State University.

Appendix. Inclusion of the effects of non-zero I’

The equations governing the motion on the Taylor-cell scale may be written ((3.14),
(3.15), (3.19), (6.4), (6.5), (5.9)) as

Ve, — AL+ T(1—22)} iy, = 0,
gilzzzz((): z) = 1/;11111(1’@ =0,
lﬁl(()»z) = 1/71(1,2) =0

of (A1)
V1220, 2) +1TI_~¢11(O’ 2)=0,
> 2r .
Viza(1, 2) _T—_—Iﬂl/’lxu’ z) =0,
where A=al /B3 (A2)
If we now write A= A0 L AW 4
(0 J (43)
351 =y +Tyd +

we can establish a sequence of problems at increasing powers of I'. The zeroth-order
problem is of course the classic free—free Rayleigh-Bénard convection problem, as
we have observed in §6. The first-order problem becomes

o\ » > ~
(V=20 Z) g = x0p 0+ (1 -2 X052,

1/’(111):59:1: z) = ¢;1sz£(1, z) = 0,
FD(0,2) = F{(1,2) = 0,
1/’(1111)1 _2¢f(0) 0 Z
Fraall2) = 250(1,2)

Equations (A 4) clearly constitute a forced system, and we need to express an
orthogonality condition to permit a solution. Multiplying the differential equation
of (A 4) throughout by /{” and integrating from « = 0 and « = 1 then yields a value
for A

On assuming that

(A 4)

@O, V) = (FO(x), FV(x)) cos kz, (A 5)
we find, on using the boundary conditions, that the orthogonality condition takes
the form

[FQ, FG)— 3k FY FQI; = AVEFO?) — A0 (1—22) FO%), (A 6)
where

>=[ax()
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If we now set FO(x) =sinmnz (m=1,2,..)), (A7)

F2(0) = —2F(0)
FG(1) = 2FP(1),
AW = — 8men2(m2n? + 3k2) k2. (A 8)

and note that
and

we find finally that

Thus X & {(m2n + k)3 — 8m2nt(m?n2 + 3k2)} /k2+ ... (A 9)

If we now assume that the most-unstable mode is m = 1, we find, on minimizing with
respect to k, that

8m2l’
2k2—n2=—m’ (A 10)
whence, writing K=+ Tk + ..., (A 11)
we have
32
Betn 8- (A 12)

Thus the value of k2 for the mode going unstable at the lowest value of A is

32r
k= %n2—§n_2+0(1"2);

for I' ~ 0.2 the correction on the classical value {n? is seen to be only about 1.5%.
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